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How many dimensions does neural activity fill up?

How many dimensions does neural activity really fill up?
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Can One Concurrently Record Electrical Spikes
from Every Neuron in a Mammalian Brain?
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How does the dimensionality D change with N?

N2 (oP
NE(gf) + N(N = 1)Ez;(CP

D =

— 0-2 2
im D = ()
N— _I:’:j(c:l_%

07 : variance of neural activity of a single neuron

Cij . covariance between two neurons

N : the number of neurons in the population

The dimensionality D is invariant under random subsampling for large N

Also See Dahmen et al 19 & '20 for a relevant discussion, but Renart et al ’10 for a completely different scenario!



Fourier Light Field Microscopy (XLFM)
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The bounded dimensionality of brain-wide activity in larval zebrafish
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Ho es the shape of neural activity space change with N?
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How does the dimensionality of neural activity change with N ?
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Figure 1. The relationship between the geometric properties of the neural activity space and the size of neural
assemblies. A. lllustration of how dimensionality of neural activity (Dpr) changes with the number of recorded Neyons. B. The
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The scale-Invariance of covariance matrix
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What statistical properties across brain-wide activity are 2.3 Two
essential for the observed self-similarity?
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What statistical properties across brain-wide activity are
essential for the observed self-similarity?
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Large-scale brain-wide activity in fish and mice/
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Reorganizing neurons from the anatomical to the functional space

Cij . covariance between two neurons

110

0.8
5
fEDﬁ-
204
o
V024

07 : variance of neural activity

X; <'neural coordinates in the functional space

0.0- f(xyT distance-dependent correlation function

Functional
space 3
; The physical picture of the functional space:
iz * The closer the two neurons, the higher their correlation
o ) | * The bigger the neuron, the larger its neural activity fluctuation
Forebrain o —— ! Findbrain (heural activity heterogeneity)

Anatomical space



What is the biological meaning of the functional space?

e Feature map in the sensory or motor system
e Place field in the hippocampus

e | atent variables that represent cognitive factors

25 simultaneously recorded place cells



Reorganizing neurons from anatomical to functional space, an example
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The slow-decay distance correlation function
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brain) and functional sampling (20). Our ERM theory makes distinct predictions regarding the scaling relationship
between dimensionality and the size of cell assembly, as well as the shape of covariance eigenspetrum under

various samplingjp.ﬂ{@ I%f - e W r 35 @ﬁl'uae t' [mwide activity
and unambiguously s O\i/ivsx\s’ orgar@%?ﬁ%ﬁ%ﬂé% un§xp ore(\jléc'?oqséjci% n%es or ngzjfrfal C m[%t'ation.

Random sampling

A _— >

N=N N=0.1N N=0.01N
0 0 0
| '\ " A
2 AR u\ A . [N Y ; A "1 ‘-nx
L] s A A o Al s p
| A A ﬁ Al R A i M
A Sull AS | A 4 N7V
ﬁ& | AAQ A A | AA L A Al & A . A L
| A A “3:5 = 0 * ‘T\* A b A A{;% A
A | A A A { 4 _ “ A A | Vo yF N
A AsA A 444 A A A,
2 A - ! .""
A A Y £

neural
I, activity
space

Fy




Euclidean Random Matrix Theory (ERM)

pioneered by Freeman Dyson

: N
Eigendensity:  P(A) = N< 5 O(A — A7)> (... average all possible matricies
n=1

N
1 1 1 1
Resolvent: g(2) =N< TFZ e = N< p—

n=1

1 .
pP(A) == lim Im g(A — I€)
ITes0*

See also Mezard, Parisi and Zee, Nuclear Physics B, 1999



Under what conditions would the eigenspectra collapse?

1. The kernel function f(x¥@ecays slowly in the d-dimensional functional
space. e.g., f(X¥P= €| x|, || x| > €. The collapse is exact as u/d - O .

H dictates how slow the decay of the correlation with functional distance

d dictates the dimensions of the functional space

TR
In the high density limit: A, ~ (r/N) ~1*apa; A > 1

Wang and Mai et. al., 2025



Quantifying the.scale-invariance:.collapse index (Cl)

M CI = normalized
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Under what conditions would the eigenspectra collapse?

2. The heterogeneity of population neural activity improves the collapse
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Recapitulate data covariance matrix and its eigenspectrum
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2.4 Connection among random sampling, functional sampling, and ana
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The relationship between the neuron distribution in functional and anatomical space:
Canonical Correlation Analysis (CCA)
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The relationship between the functional ¢ |

X 2"neuronal functional coordinates
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The Dimensionality under different sampling methods
DASapz (1 - RC23CA+ kZRCZSCA)“/dD RSap

k : the fraction of neurons being sampled

U : power law exponent in the distance correlation function

d : functional space dimensions

Reca= 1 Dasap= DEsap= k=HaD
RCCA = 0; Dasap= DRrsap

D FSap <D ASap <D RSap
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The dimensionality of population neural activity under different sampling methods
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The Dimensionality under different sampling methods

DASapz (1 B RCZZCA + K 2F\)CZZCA)H/dD RSap

They become equivalent under the condition of scale-invariance, namely  u/d — 0!



The data eigenspectrum under different sampling methods
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What are the neurobiological implications of the theory?

* |s scale-invariance beneficial for downstream computation?

Wang, Mai et. al,, elife 2025



Linear decoding population neural activity

Variability
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Linear Fisher Information |
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Population coding under the
scale-invariance of high-dimensional
noise

Hideaki Shimazaki >*

S. Amin Moosavi 1*, Sai Sumedh R. Hindupur 2,
1Department of Neuroscience, Brown University, Providence, Rhode Island, USA;
2School of Engineering and Applied Sciences, Harvard University, Cambridge,
Massachusetts, USA; 3Graduate School of Informatics, Kyoto University, Kyoto, Japan;
4Center for Human Nature, Arti  cial Intelligence, and Neuroscience (CHAIN), Hokkaido

University, Sapporo, Japan

Abstract
High-dimensional neural activities exhibiting scale-invariant, power-law noise spectra are

ubiquitously observed across various brain regions and species. However, their impact on
information coding remains unclear. We provide the scaling conditions for noise covariance that
clarify the boundedness of information and establish a quantitative relation between information
capacity and population size, based on the properties of scale-invariant noise covariance
observed in stimulus-evoked activities of mouse V1 neurons. Our analysis reveals that sublinearly
scaling small noise components align su  ciently with the signal direction, enabling neurons to
convey stimulus information unboundedly as population size increases. These ndings
demonstrate that the quasi-universal scaling of neural nojs |ance Ia the foundation
understanding the scaling and boundedness of Qﬂﬁéﬂgn H %legh ngggrfﬂ% E
consider the full spectrum of high-dimensional noise.
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What are the neurobiological implications of the theory?

 What is the task-dependent dimensionality and geometry?



Which factors do not affect scale-invariance?
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Hunting behavior reorganizes neurons in the functional space

Fish 1 example trial
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