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The geometry of the neural activity space
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How many dimensions does neural activity fill up? 
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How many dimensions does neural activity really fill up?
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Why should we care ? 
How many dimensions does neural activity fill up? 
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ule cells and climbing #ber innervating the same Purkinje cell would result in 
changes  in  synaptic  connection  strength  between  parallel  #bers  arising  from 
those speci#c granule cells and the Purkinje cell. This property would allow the 
climbing #ber to serve as a teaching signal that would regulate the transmission of 
information from a granule cell population representing a speci#c motor program 
to  the  Purkinje  cell,  thereby  modulating  cerebellar  output  during  that  motor 
program. Subsequent physiological studies have indeed shown that coincident 
#ring of the climbing #ber and parallel #bers causes a decrease in synaptic effi-
cacy between the active parallel #bers and the Purkinje cell, a process called long-
term depression, which will be discussed in more detail in Chapter 11. 

Let’s use an example to illustrate how the cerebellar theory applies to a spe-
ci#c biological process: the vestibulo-ocular re!ex (VOR) we introduced in Box 6-2. 
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Figure 8-27 Input convergence onto granule cells and pattern 
separation by dimensionality expansion. (A) In this experiment, a 
sparse subset of granule cells (white) are labeled in a transgenic 
mouse, revealing dendritic claws that belong to the same granule cell. 
Adeno-associated viruses (AAVs) expressing green or red fluorescent 
proteins were injected into the external cuneate nucleus (ECN, which 
relays upper body proprioceptive input to the cerebellum) or basal 
pontine nucleus (BPN, which relays neocortical input to the cerebellum), 
resulting in axons (mossy fibers) labeled in green or red. The micrograph 
shows a single granule cell receiving convergent mossy fiber (MF) 
inputs from ECN and BPN onto two of its claws. (B) Graphs illustrating 

how high dimensional representations are used for pattern separation. 
The red and blue data points are intermingled in a two-dimensional 
space (left panel) and cannot be linearly separated (that is, we cannot 
draw a line with all the red dots on one side of it and all the blue dots 
on the other). However, after adding a third dimension (middle panel), 
the red and blue dots can be separated by a plane in three-dimensional 
space, as seen when rotating the axes (right). (A, from Huang CC, 
Sugino K, Shima Y, et al. [2013] eLife 2:e004000. B, courtesy of  
Mark Wagner. For the cerebellar theory, see Marr D [1969] J Physiol 
202:437–470; Albus JS [1971] Math Biosci 10:25–61.) 

Y X 

Y X 

general discussion of encoding). This high-dimensional re-encoding can be used 
to  separate  similar  patterns  that  are  not  linearly  separable  in  low-dimensional 
representations (Figure 8-27B), a concept termed pattern separation in theoreti-
cal neuroscience. Recent anatomical and physiological studies support the notion 
that individual granule cells can receive input from disparate mossy #bers (Figure 
8-27A). 

The second key element of the theory posits that coincident #ring of the gran-
ule cells and climbing #ber innervating the same Purkinje cell would result in 
changes  in  synaptic  connection  strength  between  parallel  #bers  arising  from 
those speci#c granule cells and the Purkinje cell. This property would allow the 
climbing #ber to serve as a teaching signal that would regulate the transmission of 
information from a granule cell population representing a speci#c motor program 
to  the  Purkinje  cell,  thereby  modulating  cerebellar  output  during  that  motor 
program. Subsequent physiological studies have indeed shown that coincident 
#ring of the climbing #ber and parallel #bers causes a decrease in synaptic effi-
cacy between the active parallel #bers and the Purkinje cell, a process called long-
term depression, which will be discussed in more detail in Chapter 11. 

Let’s use an example to illustrate how the cerebellar theory applies to a spe-
ci#c biological process: the vestibulo-ocular re!ex (VOR) we introduced in Box 6-2. 
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High dim: easy classification 
(e.g., perceptron)

Low dim: better generalization

nition  is there. However, the  known  circuits  that  are
capable of  reading it  out  in  any useful way (such as the
visual system) are overly  complex. To  determine  if  mixed
selectivity  representations are useful in  terms of  making
information  accessible to  further  processing stages, we
need a yardstick to  determine  what sort of  representations
neural circuits  can reasonably interpret.  For  this,  we can
turn  to  artificial  neural networks. Simply  put,  if  an artifi-
cial  network  based on simplifying  biological principles
can read out  the  relevant information,  we assume the
brain can too. A  conservative measure would  be a linear
readout because it  can be easily implemented  as a weight-
ed sum and threshold operation by  individual  units  of  an
artificial  network.

To  understand the  advantage of  encoding information  in
a population  of  neurons with  mixed  selectivity  to  non-
linear  combinations of  factors rather than  a population  of
highly  specialized neurons (what  we’ll  call  ‘pure  selec-
tivity’  neurons), consider Figure  1a. Each of  the  axes
represents the  firing  rate of  a different  neuron, each one
showing linear  tuning  to  one factor  or  a linear  combina-
tion  of  two  factors. In  other  words, neurons without
nonlinear  mixed  selectivity.  Neuron  1 in  the  figure,
whose firing  rate is  denoted by  f1,  is  selective to  sound
in  such a way that  its  activity  increases linearly  with
sound intensity;  neuron 2 is  selective to  visual inputs
such that  its  activity  increases linearly  with  visual con-
trast; the  activity  of  neuron 3 is  linearly  related  to  either
of  those factors or  a linear  combination  of  the  two  factors
(linear  mixed  selectivity).  The  four  points  represent the
responses of  the  three  neurons (response vectors) in  four
different  conditions  (meaning four  different  combina-
tions  of  the  factors). The  task is  to  respond in  one way to
two  of  the  combinations (shown in  red)  and in  another
way to  the  other  two  combinations (yellow).  Because the
neurons’ firing has only a linear relationship to the two

(a) (b)

(c) (d)

f1

f2

f3

f1

f2

f3

Low-dimensional
   low separability 

High-dimensional
   high separability

f1 f1

f2f2

High-dimensional
   low generalization

Low-dimensional
   high generalization

Current Opinion in Neurobiology

(a),  (b)  Low  and  high-dimensional  neural  representations.  The  activity
of  a  neuronal  population  of  three  neurons  is  represented  as  a  point
(visualized as  a  sphere) in  the  space  of  all  possible  patterns  of  activity.
The  three  axes  represent  the  firing  rates  fk (k =  1,  2,  3) of  the  three
neurons.  The  four  spheres  represent  the  population  responses  in  four
distinct  experimental  conditions  (e.g. the  responses  to  four  sensory
stimuli).  The  dimensionality  of  the  neural  representations  is  the  minimal
number  of  coordinate  axes  that  are  needed  to  specify  the  position  of
all  points.  (a) The  points  lie  on  a  plane  and  hence  they  ‘live  in  a  low
dimensional  space’  (2D). (b) A  high-dimensional  neural  representation:
same  as  in  panel  (a), but  now  the  four  points  representing  the  sensory
stimuli  are  no  longer  coplanar  and  they  span  three  dimensions.  This
representation has the maximal dimensionality. In (a) a linear readout

the  information  needed for  visual perception and recog-
nition  is there. However, the  known  circuits  that  are
capable of  reading it  out  in  any useful way (such as the
visual system) are overly  complex. To  determine  if  mixed
selectivity  representations are useful in  terms of  making
information  accessible to  further  processing stages, we
need a yardstick to  determine  what sort of  representations
neural circuits  can reasonably interpret.  For  this,  we can
turn  to  artificial  neural networks. Simply  put,  if  an artifi-
cial  network  based on simplifying  biological principles
can read out  the  relevant information,  we assume the
brain can too. A  conservative measure would  be a linear
readout because it  can be easily implemented  as a weight-
ed sum and threshold operation by  individual  units  of  an
artificial  network.

To  understand the  advantage of  encoding information  in
a population  of  neurons with  mixed  selectivity  to  non-
linear  combinations of  factors rather than  a population  of
highly  specialized neurons (what  we’ll  call  ‘pure  selec-
tivity’  neurons), consider Figure  1a. Each of  the  axes
represents the  firing  rate of  a different  neuron, each one
showing linear  tuning  to  one factor  or  a linear  combina-
tion  of  two  factors. In  other  words, neurons without
nonlinear  mixed  selectivity.  Neuron  1 in  the  figure,
whose firing  rate is  denoted  by  f1,  is  selective to  sound
in such a way that its activity increases linearly with
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and high-dimensional neural representations. The activity

Goldilocks dim: 

Good classification + good generalization 

Review by 
Cunningham & Yu, 2014 

Fusi Miller & Rogotti 2016 
… 
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and unambiguously show its organizing principles, with unexplored consequences for neural computation.



lim
N→∞

D =
(𝔼 σ2

i )2𝔼i≠j (C2
ij )

σ2
i : variance of neural activity of a single neuron

Cij : covariance between two neurons

N : the number of neurons in the population

D =
N2 (𝔼 σ2

i )2

N (𝔼 σ4
i ) + N(N − 1)𝔼i≠j (C2

ij )

The dimensionality D is invariant under random subsampling for large N

How does the dimensionality D change with N?

Also See Dahmen et al ’19 & ’20 for a relevant discussion, but Renart et al ’10 for a completely different scenario! 



Fourier Light Field Microscopy (XLFM)

Cong et. al., 2017

• Rapid volumetric imaging method 

• A spatially invariant point spread function can 
be defined and experimentally measured. 

• Simultaneous optimization of  imaging field of 
view and resolution

Dr. Kai Wang 
Institute of Neuroscience 

Shanghai



800 um x 800 um x 200 um FOV

3.4 um x 3.4 um x 5 um spatial 
resolution for sparsely labelled 
sample

100 Hz volume rate

Cong et. al., 2017



The bounded dimensionality of brain-wide activity in larval zebrafish 

Cij = 𝔼 [ (ri − (𝔼 r i))(rj − (𝔼 r j))]
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How does the shape of neural activity space change with N?

Figure 1. The relationship between the geometric properties of the neural activity space and the size of neural

assemblies. A. Illustration of how dimensionality of neural activity (DPR) changes with the number of recorded neurons. B. The

eigenvalues of the neural covariance matrix dictate the geometrical configuration of the neural activity space with
Ô
⁄ i being the

Same D, different shapes! 



The nearly collapse of covariance eigenspectrm under random subsampling



The scale-invariance of covariance matrix

random 
subsampling
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What statistical properties across brain-wide activity are 
essential for the observed self-similarity?

2.3 Two factors contribute to scale invariance

Wishart matrix   Gaussian Random matrix𝐶 = 𝑋𝑋 𝑇,  𝑋



What statistical properties across brain-wide activity are 
essential for the observed self-similarity?

Whole brain imaging of zebrafish neural activity and the phenomenon of its scale-invariant eigenspectrum.
2+ imaging of whole brain neural activity. B. Spatial distribution of segmented ROIs (shown

There are 1347 to 3086 ROIs in each animal. Scale bar, 100 µm. C. Distribution of normalized pairwise

covariances in a representative fish. The mean of the diagonal entries of the covariance matrix is normalized to be 1. D. Explained

,  Gaussian orthogonal matrixC = UTΔU U :



What statistical properties across brain-wide activity are 
essential for the observed self-similarity?

Recurrent neural network with random connectivity



 

 

  

 

 

 

  

 

 

 

  

 

 

 

  

 

 

 

  

 

 

 

  

 

 

 

  

 

 

 

  

 

Large-scale brain-wide activity in fish and mice

Light 
field

Light 
sheet

Two-photon
Mouse

Neuropixels
Mouse

Chen et. al., 2018
Stringer et. al., 2019A
Stringer et. al., 2019B





Reorganizing neurons from the anatomical to the functional space

Cij : covariance between two neurons

σ2
i : variance of neural activity

⃗xi : neural coordinates in the functional space

f( ⃗x) : distance-dependent correlation function

The physical picture of the functional space： 

• The closer the two neurons, the higher their correlation 
• The bigger the neuron, the larger its neural activity fluctuation 
（neural activity heterogeneity) 

      



What is the biological meaning of the functional space?

• Feature map in the sensory or motor system 

• Place field in the hippocampus 

• Latent variables that represent cognitive factors

25 simultaneously recorded place cells 



Reorganizing neurons from anatomical to functional space, an example 

Anatomical space Functional space

Forebrain

Optical tectum

Hindbrain



The slow-decay distance correlation function

when ∥x∥ ≫ ϵ

f ( ⃗x) = ϵ μ
( ϵ2 + | ⃗x|2

)
−μ

f( ⃗x) = ϵ μ
( ϵ2 + ∥ x∥2)

−μ/2

f( ⃗x) ≈ ϵ μ∥ x∥−μ

when ∥x∥ ≪ ϵ

f( ⃗x) ≈ 1



Under what conditions would the eigenspectra collapse?

ρ ≡
N

Ld  neuronal density ↓

random sampling, anatomical sampling (akin to optical recording of all neurons within a specific region of the
brain) and functional sampling (20). Our ERM theory makes distinct predictions regarding the scaling relationship
between dimensionality and the size of cell assembly, as well as the shape of covariance eigenspetrum under
various sampling methods. Taken together, our results offer a new perspective for interpreting brain-wide activity
and unambiguously show its organizing principles, with unexplored consequences for neural computation.



Euclidean Random Matrix Theory (ERM)

p(λ) =
1
π

lim
ϵ→0 +

Im g(λ − iϵ)

 . . . ⟨ ⟩ average all possible matricies

Resolvent: 

Eigendensity: p(λ) =
1
N ⟨

N

∑
n=1

δ(λ − λn)
⟩

g(z) =
1
N ⟨

Tr
1

z − C⟩
=

1
N ⟨

N

∑
n=1

1
z − λn ⟩

pioneered by Freeman Dyson

 See also Mezard, Parisi and Zee, Nuclear Physics B, 1999



1. The kernel function  decays slowly in the -dimensional functional 
space. e.g.,  .  The collapse is exact as .

f( ⃗x) d
f( ⃗x) ≈ ϵ μ∥ x∥−μ, ∥ x∥ ≫ ϵ μ/d → 0

Under what conditions would the eigenspectra collapse?

μ dictates how slow the decay of the correlation with functional distance

d dictates the dimensions of the functional space

λr ∼ (r/N) −1+ μ
d ρ

μ
d; λr > 1In the high density limit: 

Wang and Mai et. al., 2025



Quantifying the scale-invariance: collapse index (CI)

CI :=
1

log(q0/q1) ∫

log q0

log q1

∂ log λ(q)
∂ log ρ

d log q

q = rank/N

2.4 Heterogeneous activity levels across neurons enhance the scale invariance

Figure 4. Impact of µ and d on the scale invariance of covariance eigenspectra in the ERM with slow-decaying f (˛x) =
µ ( 2 + 2) ≠ /µ 2 = 0 1 0 5 0 9 1 3

• The smaller the CI, the 
better the scale-invariance



Under what conditions would the eigenspectra collapse?

2. The heterogeneity of population neural activity improves the collapse

correlation

Covariance

• Heterogeneity level: the fluctuation of 
neural activity is not fixed! It varies from 
neuron to neuron. 

correlation matrix: σ2
1 = σ2

2 = . . = σ2
N = 1

covariance matrix: A distribution of {σi}



Under what conditions would the eigenspectra collapse?

2. The heterogeneity of population neural activity improves the collapse

Wang Mai et. al., 2025



Cij = 𝔼 [ (ri − (𝔼 r i))(rj − (𝔼 r j))]
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Recapitulate data covariance matrix and its eigenspectrum 
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Fig. 6. The relationship between the functional and anatomical space by ERM fitting to data. A. Subsampled covariance eigenspectra of the data from fish 6.
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the correlation distance relationship in the data (red line). The distance is calculated from the inferred coordinates using MDS. The orange-shaded area shows the SD. G.



Different sampling methods 

• Anatomical Sampling (ASap):  Optical recording of all neurons within a brain region of interest (ROI)

• Functional Sampling (FSap):  Record all neurons in the ROI of the functional space

• Random Sampling (RSap):   Neuropixels

2.4 Connection among random sampling, functional sampling, and anatomical sampling



The relationship between the neuron distribution in functional and anatomical space: 
Canonical Correlation Analysis (CCA) 

ASap = FSap ASap = RSap 



The relationship between the functional and anatomical space in our data 

⃗y ⋅ ⃗b1 ⃗x ⋅ ⃗a1

⃗xi : neuronal functional coordinates ⃗yi : neuronal anatomical coordinates

A
nato

m
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n

RCCA = Corr( ⃗a1 ⋅ ⃗xi , ⃗b1 ⋅ ⃗yi ) ≈ 0.3



The Dimensionality under different sampling methods

DASap≈ (1 − R2
CCA+ k2R2

CCA)μ/dDRSap

k : the fraction of neurons being sampled

μ : power law exponent in the distance correlation function

d : functional space dimensions

RCCA = 1; DASap= DFSap= k2μ/dD

RCCA = 0; DASap= DRSap

DFSap≤ DASap≤ DRSap



The dimensionality of population neural activity under different sampling methods
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The Dimensionality under different sampling methods

DASap≈ (1 − R2
CCA+ k2R2

CCA)μ/dDRSap

They become equivalent under the condition of scale-invariance, namely !μ/d → 0



The data eigenspectrum under different sampling methods 

FSap

Functional sampling 
FSap

Random sampling 
RSap

Anatomical sampling 
ASap



What are the neurobiological implications of the theory? 

• What biological mechanisms give rise to scale-invariant  geometry?

• What is the task-dependent dimensionality and geometry? 

• Is scale-invariance beneficial for downstream computation?

Wang, Mai et. al., eLife 2025 



Linear decoding population neural activity

x = m(s) + ξ
Variability

s+ s−



The optimal linear decoder

⃗wopt ∝ C−1( ⟨x+  − ⟩ ⟨x−⟩) ≡ C−1Δμ

y+ =
N

∑
i=1

wix+
i y− =

N

∑
i=1

wix−
i

SNR =
(⟨y+  − ⟩ ⟨y− )⟩ 2

1
2 (δy+2 + δy−2)

SNR = ΔμTC−1Δμ

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

(A) input (B) input 

x1 

x2 

x3 

xN 

W12 W21

W22

W23

W2N

W13

W1N 

y1

y2 

association

random 

W11x1

x2

x3 y

xN 

W1 
response 

W2 

outputW3 

WN 

z1 

z2 

connectivity 
initially 

where y is the activity of a neuron receiving N inputs, x–x  (each of which can be 

C : noise covariance matrix of x
Δμ : population activity vector difference encoding two stimuli

This is also called linear Fisher Information I



Linear Fisher Information I

I ∼ O(N)  indepedent neurons

C′ = C + ϵΔμΔμ
TA R T I C L E S

Figure 6  Small differential correlations can have a large effect on 
information. (a) A population code with tuning curves of varying 
amplitudes. (b) Information as a function of the number of neurons  
for the population code shown in a. The two curves correspond to  

0 + εf′f′T (blue),  
 is a covariance matrix in which pairwise covariances  

follow a decaying exponential function of the cosine of the difference 
in preferred stimuli (as in Fig. 1b; see Supplementary Modeling). 
Information saturated in the presence of differential correlations  

 component). (c) Empirically estimated correlations from 1,000 
trials plotted as function of the difference in preferred stimuli for the  

 (blue). The two 
distributions of correlation coefficients were nearly indistinguishable 
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A R T I C L E S

Figure 3  Differential correlations induced by a shifting hill. (a) Population 
activity for neurons with translation invariant tuning curves (as in  
Fig. 1a), with neurons ranked according to their preferred stimulus. The 
red and pink curves correspond to the population response to the same 
input on two different trials. We assumed that the variability is such 
that the hill simply translated sideways from trial to trial. When this was 
the case, correlations were mostly proportional to the product of the 
derivatives of the tuning curves. The two blue neurons were positively 
correlated because the derivatives of their tuning curves were negative for 
both neurons, and the product of their derivatives was therefore positive. 
In contrast, the green neuron was negatively correlated with either of the 
blue neurons because its derivative had the opposite sign as theirs.  
(b) Population patterns of activity, as in a, can be thought of as points in an N-dimensional space, in which each axis corresponds to the activity of one 
neuron. Only two neural dimensions are shown here, out of N. As the hill of activity shifts with s, the mean population activity traces out a curve (the 
black curve labeled f(s)). Pure information-limiting noise looks like a sideways shift of the hill, corresponding to movement along the curve. In this case, 
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λ ∼ (r/N) −α, λ ≫ 1
α ≈ 1 − μ/d

α = 0.47± 0.08
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Abstract
High-dimensional neural activities exhibiting scale-invariant, power-law noise spectra are
ubiquitously observed across various brain regions and species. However, their impact on
information coding remains unclear. We provide the scaling conditions for noise covariance that
clarify the boundedness of information and establish a quantitative relation between information
capacity and population size, based on the properties of scale-invariant noise covariance
observed in stimulus-evoked activities of mouse V1 neurons. Our analysis reveals that sublinearly
scaling small noise components align su ciently with the signal direction, enabling neurons to
convey stimulus information unboundedly as population size increases. These ndings
demonstrate that the quasi-universal scaling of neural noise covariance lays the foundation for
understanding the scaling and boundedness of population codes, highlighting the critical need to
consider the full spectrum of high-dimensional noise.
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Visualizing information limiting correlations. 

All  figures  lie  in  firing  rate  space,  here  shown  as  two  (out  of N )  dimensional.  Red  indicates  the  noise;  in 
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What are the neurobiological implications of the theory? 

• What biological mechanisms give rise to scale-invariant  geometry?

• What is the task-dependent dimensionality and geometry? 

• Is scale-invariance beneficial for downstream computation?



Which factors do not affect scale-invariance?

• The topology of the functional space



Hunting behavior reorganizes neurons in the functional space 
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Fig. 7. The effects of hunting behavior on scale invariance and functional space organization. A,B. Subsampled covariance eigenspectra of the data from fish 1
calculated from control (A) and hunting removed (B) data . Ctrl: We randomly remove the same number of non-hunting frames. This process is repeated 10 times, and the
mean±SD of the CI is shown in the plot. Hunting removed: The time frames corresponding to the eye-converged intervals (putative hunting state) are removed when calculating
the covariance (S1). The CI for the hunting removed data appears to be statistically smaller than in the control case (p-value = 1 .5 ◊ 10 ≠9 ). C. Functional space organization
of control data. The neurons are clustered using the Gaussian Mixture Models (GMMs) and their cluster memberships are shown by the color. The color bar represents the
proportion of neurons belonging to each cluster. D. Similar to C but the functional coordinates are inferred from the hunting-removed data. The color code of each neuron is the
same as that of the control data (C), which allows for a comparison of the changes to the clusters under the hunting-removed condition. E. Fold change in size / area (S1) for
each cluster (top; the gray dashed line represents a fold change of 1, that is, no change in size) and the anatomical distribution of the most dispersed cluster (bottom).

space and anatomical space in the brain (fig. 6). In particular, we
found that hunting behavior reorganizes neurons in the functional

x i over time. Finally, to visualize covariance matrices on a common scale,
we multiplied matrix C by a constant such that the average of its diagonal
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Fig. 7. The effects of hunting behavior on scale invariance and functional space organization. A,B. Subsampled covariance eigenspectra of the data from fish 1
calculated from control (A) and hunting removed (B) data . Ctrl: We randomly remove the same number of non-hunting frames. This process is repeated 10 times, and the
mean±SD of the CI is shown in the plot. Hunting removed: The time frames corresponding to the eye-converged intervals (putative hunting state) are removed when calculating
the covariance (S1). The CI for the hunting removed data appears to be statistically smaller than in the control case (p-value = 1 .5 ◊ 10 ≠9 ). C. Functional space organization
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The effects of hunting behavior on scale invariance and functional space organization. A,B. Subsampled covariance eigenspectra of the data from fish 1
calculated from control (A) and hunting removed (B) data . Ctrl: We randomly remove the same number of non-hunting frames. This process is repeated 10 times, and the
mean±SD of the CI is shown in the plot. Hunting removed: The time frames corresponding to the eye-converged intervals (putative hunting state) are removed when calculating
the covariance (S1). The CI for the hunting removed data appears to be statistically smaller than in the control case (p-value = 1 .5 ◊ 10 ≠9 ). C. Functional space organization
of control data. The neurons are clustered using the Gaussian Mixture Models (GMMs) and their cluster memberships are shown by the color. The color bar represents the

Fig. S13. Hunting behavior reorganizes neurons in the functional space (continued on next page). Rows correspond to 5 light-field recordings of zebrafish engaged in
hunting behavior: fish 1 to fish 5. A,D,G,J,M. (top) Functional space organization of the control data inferred by fitting the ERM and MDS (Methods section E). Neurons are

Fig. S13. Hunting behavior reorganizes neurons in the functional space (continued).
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